This paper generates high frequency data for the underground labor and the underground production using a theoretical general equilibrium model, over the sample 1970:01-1992:04 (32 years; 128 observations). We compare selected time series properties of the generated series with those of the corresponding series estimated with classical methodologies. The generated series for underground labor and underground production present a wider range and are more volatile than all other series estimated with classical methodologies. The analysis, next, suggests that the underground labor is pro-cyclical with respect to the GDP, that is lagging it by approximately one quarter, and that underground labor series generated from the theoretical model are highly persistent. Finally, the estimated correlation between the cyclical component of our generated-from-theory underground labor productivity and the actual series of aggregate GDP is negative (-0.34), while official yearly estimates present a positive (but very low) correlation with the cyclical component of GDP (0.12). This suggests that the underground sector has a positive impact over the productivity at the business cycle frequency, while it dampens productivity fluctuations at a lower frequency.
Introduction
There are several important reasons why economists should be concerned about the relationship between underground activities and the regular economy. 4 One of the most relevant is probably the fact that unreported activities make a sizeable contribution to national production and to income; it would be difficult, therefore, to understand the business cycles or the GDP growth without some knowledge of the dynamic behavior of this component of the aggregate economy. 5 This paper focuses its attention on this issue. 6 To obtain a reasonable understanding of the underground economy we obviously require its measurement. But the underground economy is, by definition, not directly observable; in addition, the estimates produced by the econometric methods, commonly used in the literature, do not pass the basic statistical tests, cover a very limited time-span (usually about a decade), and are characterized by a low frequency (usually the data present an annual frequency). 7 In particular, three general sets of measurement approaches may be distinguished in the literature. 8 The "direct approaches" are based on surveys among (supposed) suppliers and demanders of informal services and activities, or they rely on auditing of tax returns undertaken by tax collection and social security administrations. The "indirect approaches" share the assumption that underground transactions are paid in cash in order to make detection more unlikely. The size of the underground economy is reflected in the amount of cash used in a country, beyond that used for official transactions. Finally, the "model approaches" focus on the causes and the effects of underground economy and try to estimate models for labor, money and product markets using "latent variables" techniques. The models seek to identify the unobserved sector relying on several incentives (burden of taxation and 3 of social security contributions, as well as government regulations) and disincentives to be active in the underground economy (e.g. the probability of being detected and the size of punishment, entailed moral costs). The main difficulty, however, with these approaches is that they are generally applicable under very restrictive assumptions; in addition, the estimation techniques tend not to be statistically robust, providing a large range of estimates of the phenomenon that strongly changes with small changes in specification.
The aim of this paper is to generate high frequency series for the underground labor and the underground production using a theoretical general equilibrium model.
Precisely, we follow the idea that unobserved series may be derived by a well-behaved theoretical model first implemented by Ingram, Kocherlakota, and Savin (1997) to the household production sector. 9 This methodology has the important advantage to produce data for these unobservable components at a high frequency (i.e. quarterly), and over a longer sample (i.e. 32 years); this creates a sufficient numerosity of the observations for undertaking a proper time series econometric analysis with the simulated data. We intend our generated series as complementary to the existing ones, estimated with classical methods. 10 Our benchmark dynamic general equilibrium model presents two sectors, in which there are three agents: firms, households and government; in addition, it assumes that there exists a homogeneous good. The government levies proportional taxes on corporate revenues and income flows, and balances its budget in each period. Firms and households, being subject to distortionary taxation, use the underground sector to evade taxes. The time-series for underground production and underground labor are generated from closed-form equilibrium conditions. The analysis focuses 9 The authors construct a dynamic equilibrium model incorporating the economic phenomenon in which they are interested (namely the size and the dynamics of the household production sector), and they use the optimality equilibrium conditions to generate series for that non-directly observable quantity. 10 In this respect the approach implemented in the paper departs from the classical methodologies mainly because it relies on a theoretical model. A theoretical framework, like the one presented in this paper, becomes important for supporting the "magic numbers" about the size of the underground economy, and its dynamics over the business cycle. In addition, a theoretical model would be of great help for answering several policy questions related to an underground sector and tax evasion. See, for instance, Thomas (1999) and Giles (1999) works. The former author stresses the "heroic assumptions" of the approaches used to estimate the unrecorded sector, whereas Giles provides a milder criticism to the econometric techniques to measure the size of the underground economy.
4 on the Italian economy, because of the availability of a good dataset for the underground economy, but the methodology can be applied, without loss of any generality, to any other country.
Here is an overview of our results. We generate series for underground labor and underground production for 32 years (128 quarters), over the sample 1970:01 -1992:04. The generated series for underground labor and underground production present a wider value range, and are more volatile than all other series estimated with classical methodologies. Moreover, the analysis of the generated series suggests that the underground labor is pro-cyclical with respect to the GDP, that is lagging it by approximately one quarter, and that underground labor series generated from the theoretical model are highly persistent.
Finally, we use the generated series of underground labor and of underground production to construct a series of the underground labor productivity to understand its relationship with the aggregate productivity. 11 This is an interesting application of the methodology because it contributes to the debate on the sources of aggregate productivity and on the shocks' propagation mechanism. The main result is that the estimated correlation between the cyclical component of our generated-from-theory underground productivity and the actual series of aggregate GDP is negative (-0.34), while official yearly estimates present a positive (but very low) correlation with the cyclical component of GDP (0.12). This suggests that the underground sector has a positive impact on the productivity at the business cycle frequency, while it dampens productivity fluctuations at a lower frequency.
The paper is organized as follows. Section 2 presents the model. Section 3 discusses the traditional methods used by the existing literature to estimate underground activities. Section 4 presents our approach: "using theory for measurement", in the spirit of Ingram, Kocherlakota, and Savin (1997). Next, Section 5 shows the empirical results, whereas Section 6 performs a sensitivity 11 The dynamic behavior of the factors' productivity has been widely discussed in the literature (i.e. Basu and Kimball (1997) , or Nucci and Marchetti (2005)).
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analysis for a set of parameters of the model. Section 7 concludes the paper. Data and sources are discussed in the Appendix.
Model structure
The economy is populated with a large number of identical households, each of which will live forever and each with identical preferences defined over consumption and labor inputs at every date. Each household allocates labor services in the regular sector and in the informal sector. The economy is also populated by a large number of identical firms, each of which rent capital and labor services from the households.
Households' preferences
There is a continuum of agents indexed by
with preferences over consumption and labor services. We restrict the momentary utility function to have the following form: There are two resource constraints; the chosen working time which must be allocated to the regular and underground sector; and the total use of goods for consumption and investment cannot exceed the disposable income net taxes:
where Ω denotes a quarterly depreciation rate for private capital stock. In addition, the households own an initial stock of capital, γ 0 , i k , which they rent to firms and may augment through investment.
The household's problem is the following: 
where 0 Ε is the mathematical expectation operator (at t=0), Ξ stands for the parameter's set, and
is a stochastic disturbances vector that will be discussed below. Consumers take government purchase of final commodities, t G c , , as given.
The representative consumer choice leads to the following equations:
Equation (5) shows that the underground labor supply depends on the total labor supply γ t n , the ratio between the two inverse elasticities ) / ( ψ ξ , and the difference between the wage rates. Equation (6) shows that the aggregate consumption is determined by the tax wedge, which, in turn, depends on the income tax Y t τ~. Condition (6) suggests that the larger the tax wedge is, the more resources are allocated to the underground sector. Households may finance increases in consumption by raising their underground income by working in the underground sector.
Optimal investment choice depends on the following Euler equation:
The economy wide constraint is given by
where t G denotes aggregate government spending; aggregate variables are defined as
Production technologies
uses employment supplied to the regular labor market and capital to produce the regular output i t M y , , whereas employment supplies to the informal sector are used to produce underground output
The production technologies are scaled by t λ , an exogenous productivity shock which is able to alter the average level of output.
A model of tax evasion
Firms may be discovered evading with probability ) 1 , 0 ( ∈ p and forced to pay the stochastic tax rate Π t τ , increased by a surcharge factor s>1. The following scheme summarizes the tax evasion model:
In order to compute the expected revenues, we apply linear projection:
, which yields:
Firm behavior
At each date t, firm i maximizes period expected profits 14 :
The following first order conditions characterize the corporate efficiency conditions:
Government
The government is described as a sequence { } ∞ =0 t t π of tax rates on consumers' income and on firms' profits:
Where the following "no bankruptcy condition" is imposed,
14 In Prescott and Mehra's (1980) recursive equilibrium scheme, firms solve a myopic profit maximization problem on a period-by-period basis. See also the papers included in Cooley (1995) . 15 It can be shown that when there is no distortionary taxation, the equilibrium underground labor services equal zero, as long as underground sector average productivity is sufficiently low. This represents the trade-off between employing professional labor services in the regular market (and paying taxes on it), and employing less productive labor in the underground sector (with the advantage of evading the associated taxes). In this case underground labor services are used for evading taxes, even if those services have a relatively lower productivity.
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In this model both consumers and firms evade taxes. Consumers evade income taxation producing an income loss associated to the underground produced income flow 
Government spending is allocated to purchase of final consumption goods, and it equals government revenues:
Stochastic disturbances
where
and t v is a vector including shocks' innovations; the autocorrelation coefficient matrix Q and the covariance matrix ∑ are defined below: (13)); iii) the government budget constraint is satisfied on average (condition (15)); iv) and the market clearing conditions hold for each market (condition (8)).
Classical methods for estimating size of the underground economy
Underground economy estimates represent important information for a complete understanding of an economic system, of its fluctuations, and of its response to macroeconomic policies, among the many issues.
The perception that the underground economy is sizable led a number of authors to attempts to measure its size, influence and implications for the national income and labor input (see, for instance, Bhattacharyya, 1999) . The authors, often, in carrying out quantitative estimates, do not sufficiently clarify the nature of the phenomenon, because of its complexity. 16 These difficulties, along with the necessity of specifying and implementing a vast range of indicators to capture some elements of the unobservable variables, generate a large gap between estimates over the same period. Of course these results are not valueless. Despite their weakness each estimate of underground economy constitutes a piece of information and can be useful to improve knowledge of dimension and features of the phenomenon. However, the robustness of the various findings is important for evaluating the structural and the cyclical properties of the underground sector's behavior, and when the government wishes to set out measures which aim to push firms and workers to switch into the regular sector. Because of the elusive nature of the underground economy, the estimates provided by the econometrics literature may be taken as purely indicative.
The reasons for their imprecision and variability should make us cautious when we assess the real significance, in absolute and relative terms, of the size of the irregular sector. In this context, it could be fruitful to utilize a different framework for data construction. In particular, a new approach which exploits firms and households' optimality to generate data for unobservable variables.
In addition, the main empirical difficulty is that sufficiently long macroeconomic time series data are not available; furthermore, there exist a number of different estimates in each country.
Here comes our contribution. In order to obtain information on the aggregate fluctuations we use the previously presented two-sector model for generating the unobserved data. The use of a general equilibrium model to infer the size and the dynamics of an unobserved underground sector ensures the consistency with the optimal behavior of the representative households and firms. Here we want to stress a major finding. As noted earlier, although many of these estimates are generated by Tanzi's methods, they provide for the same periods quite different results in terms of size and dynamics of the informal sector. In these circumstances, a different approach to the estimation of the unobservable variables which is consistent with optimal behavior on the part of economic representative agents who are able to operate in both, the regular and the underground sectors, could provide a good measure of this phenomenon and, in any case, a useful benchmark. 
"Using theory for measurement"
The model presented in the previous section, via the optimal inter-temporal and intra-sectoral behavior of the agents and a set of institutional parameters, is capable of generating values for the underground production and for the labor force. Although we do not use statistical inference (observed data to draw conclusions about the population from which the data came), the data and the process that generates them may be useful sources of information and comparison among the many estimates of the underground economy.
The Ingram, Kocherlakota, Savin (1997) methodology
The first application of the methodology implemented in this paper is due to Ingram, Kocherlakota and Savin (1997) (IKS). They study the cyclical behavior of home production under the motivation that without a good knowledge of the home sector it is not possible to fully understand the business cycle. Their seminal approach follows from the fact that data for home-sector activities is not available at high frequencies (at best is available yearly). In brief, they use macroeconomic theory in conjunction with aggregate macroeconomic data to infer the behavior of unobserved home-sector variables.
In particular, IKS consider a representative agent with stable preferences but stochastic production technologies in the home and market sectors. Then, they assume that observed market variables are well measured and consistent with the optimal behavior of this representative agent.
Accordingly, they use the representative agent's first order conditions to generate quarterly series for the home-sector variables. Here we specialize this approach for the measurement of the underground sector.
18 18 A comparison between the underground economy and the home production model's characteristics is reported in Appendix A.3.
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Derivation of the dynamic equilibrium conditions
According to the model presented in Section 3, the representative agent makes optimal choices on how much to consume, to invest, and how many hours to allocate in each sector, at every point in time, taking into account both the regular and the underground sectors. This section derives the equilibrium condition characterizing the optimal labor allocation to the underground sector. The optimality condition, next, can be used to generate data for the underground sector.
Combine, first, the optimality condition (5) and the corporate efficiency condition 
At every point time firms' optimality conditions imply that the wage in the regular sector can be expressed as
. This equation can be rewritten imposing also the normalization restriction 1 t λ = , as follows: 
This allows us to express the labor-input ratio as follows:
(
Now, equation (19) expresses the share of underground employment (out of total employment) as a function of total employment t n γ , productivity in the regular sector parameters. An implication of (19) is that whenever the total employment and the productivity are 19 Notice that in our model the scale productivity parameter t λ enters both the production function of the regular and underground sectors in the same fashion.
at their equilibrium values, the share of underground employment will be at its equilibrium value as well. On the other hand, if one variable is out of its equilibrium value then the others will adjust to keep the equality in (19) . Equation (19) , moreover, is an equilibrium relationship, and it does not necessarily hold if one (or both) of the series in the right-hand side exhibit a trend. Accordingly, we apply the HodrickPrescott filter to the series for the regular sector productivity and for the total employment and use de-trended series in the generation of the unobserved share of underground employment series. 20 The de-trended series will fluctuate around zero with departures from equilibrium expressed in the specific series' units (for example for the total employment the disequilibrium will be expressed in number of labor units in excess, or below, of the equilibrium value). To make the series consistent with a common metric of disequilibrium we implement a two-step transformation: first, we assume that the mean of each series is a proxy of its equilibrium value. Then, we transform the series in order to have as equilibrium value. In brief, the result of this strategy is that the series for total employment and the productivity in the regular sector take value 1 when they are at their equilibrium value (the mean) and values expressed as percentage of the mean when out of the equilibrium.
To summarize, our procedure for measuring the underground sector consists of two main parts.
First, we use prediction from theory; in particular, we use the representative consumer's optimality conditions and the corporate efficiency conditions to derive an equation that expresses the underground unobserved sector variable (in our case the underground employment quota) as a function of only observed variables. The second step is to use the observed data to generate the underground, not directly observable, variables. This step involves also to rescale the observed 15 series in order to make them consistent with the fact that equation (19) is an equilibrium condition. 21 
Results
We generate series for the share of employment in the underground sector (see Figure 2 ) using condition (19) and the parameterization of the model reported in Table 1 (see below) . Preference and technology parameters are consistent with the standard literature: logarithmic utility (q=1);
β=0.984, α =0. 33 and Ω =0.025. Labor supply parameters follow the analysis of Blundell and MaCurdy (1999), whereas the disutility parameters are calibrated to match volatilities of aggregate labor and investment. For the probability of being detected (p) and the penalty factor (s) we refer to Busato and Chiarini (2004) who calibrate these parameters using the information on the number of inspected firms. 21 This methodology is robust to changes of the context in which one applies it. Here we apply the procedure to generate a particular kind of unobserved variable, the employment in the underground sector. However, the same methodology could be applied to generate any kind of unobserved series as long as there is a model that delivers usable predictions. 22 We may wonder if the settled parameterization provides business cycle statistics able to replicate current data. The numerical results of simulating this economy are shown in Appendix A.2. Figure 3 presents the generated series for the share of underground GDP. This series is constructed using the underground sector production technology function as in (10) for the parameterization presented in the previous table 23 .
[insert FIGURE 3] Table 2 , next, reports selected descriptive statistics for our two generated series and for the selected other series that estimate Italian underground economy, discussed in Section 3 (see Figure 1 ).
Notice that our generated series are quarterly while, all the other series are yearly and span different time periods (see details in Table 2 ). This makes the comparison not easy, but it does not rule out the possibility of highlighting some general patterns. First, our generated series are more volatile than all the other series and they span a range consistently larger than the other estimates (precisely, the largest values reach 25.6% and 23.4% for underground employment and GDP share, respectively, while the highest other series' range is Bovi's with 6.39%).
The normalized standard deviation of the generated underground production series is remarkably large compared with the estimated series. Second, there is evidence of a higher persistence of our generated series, since the first autocorrelation is consistently higher than the other series, even though the Istat's "min" series shows a quite large autocorrelation (0.798). Third, all the series appear to be pro-cyclical: they are positively correlated with the Hodrik-Prescott (1997) filtered GDP. A further interesting result arises plotting together the generated underground employment ratio with the Hodrik-Prescott (1997) filtered GDP (see Figure 4) . Under the plausible assumption of a procyclical regular employment, it is interesting to observe that also the underground labor shows a pro-cyclical pattern. In addition to the employment series being pro-cyclical, a casual inspection of Figure 4 suggests that underground employment seems to follow the filtered GDP with some lag. [insert: FIGURE 4]
Productivity in the underground sector
We plot the series of the underground productivity generated by our model and the filtered GDP against time in Figure 5 .
[insert: FIGURE 5 ] [insert: FIGURE 6] Since Istat provides a yearly estimate of GDP and employment in the underground sector starting from 1992, an estimate of the productivity in the underground sector can be deduced from these official estimates. Figure 6 , next, plots together the generated underground productivity series with the Istat's version; both series are Hodrick-Prescott filtered to extract the business cycle component.
The figure suggests that our model predicts an underground productivity cycle more volatile than the Istat one (precisely, the model's standard deviation is 0.0042, whereas Istat's statistics is 0.0019).
It is also worth noticing that the correlation between the cyclical component of the underground productivity and the GDP cycle is quite different, since Istat's series shows a positive correlation with the cyclical component of GDP [0.12] while our model's series exhibits a negative and stronger correlation [-0.34] . This feature may be important in the current discussion on the productivity gap and future research could be addressed to this issue. This suggests that the underground sector has a positive impact on the productivity at relatively high frequencies (i.e.
along the business cycle), while it dampens productivity fluctuations at a lower frequency (i.e.
along the growth theory channel).
Sensitivity analysis 6.1 Sensitivity to policy parameters
We explore here the sensitivity of our generated series to changes in the values of the model's parameters. In particular we study the effect of a change of the following policy parameters with respect to the baseline parameterization reported in Table 1 : the taxation parameters ( Y τ and τ Π , income and corporate tax rate, respectively), the probability of being discovered (p), and the surcharge factor on tax rate if discovered (s). The theory behind our model obviously predicts the sign of these changes. Accordingly, we can think of the analysis we perform here as a test of the "theory used for measurement" 24 predictions.
We analyze how the generated series changes in terms of max and min value, range and volatility, and we especially focus on the sign of these changes more than of their magnitude. The results for the series of underground employment are reported in Table 2 . One major result of this exercise is that all the changes are economically meaningful. In general, an increase in the taxation parameters and a decrease in the evasion model's parameters (probability of being discovered and surcharge factor) lead to a higher percentage of underground employment and, therefore, to an increase in the underground economy. The mechanism operates in the opposite way if we change the direction of the shifts. For facilitating the reading of Table 2 we can imagine that when income tax rate ( 15 max=0.44) . Accordingly, the series shifts upward and then the generated underground employment quota predicted is higher.
Notice also that taxation and "enforcement" parameters show some differences in their impact on the underground series. The main pattern is that the generated series is more sensitive to shifts in the taxation parameters. An increase in both the income and corporate tax rates shifts the series up, widens the range the series, and finally makes the volatility increase. On the other hand, a decrease of the enforcement parameters (s and p) does not have almost any effect on the series (anyway there is a slight effect on the volatility), while an increase of p and s brings about a reduction, though slight, in the underground sector and a lower volatility.
The sensitivity analysis is a successful feature of the model approach. With this approach each result is fully informative, and we may consider the unsuccessful effects to improve the model and the estimation of non-observed variables. The fragility of existing specification about, say, the unique productivity shock, the different technologies may be easily assessed and emended.
Concluding remarks
An important size of the GDP in all industrialized countries is not reported. Prominent efforts to measure underground production and labor are, at their best, arbitrary. To limit arbitrariness in measuring the underground sector we suggest a further method based on theoretical models that could be useful for defining benchmarks to compare empirical estimates. We see this methodology being complementary to the standard estimation techniques.
The equilibrium expression for labor and underground production is derived from the dynamic general equilibrium model. This produces two welcome consequences. First, our measurement of the underground economy considers both the inter-temporal and intra-temporal dimension of the phenomenon. Second, it is structurally and dynamically consistent with the behavior of the 21 realizations of the other aggregate macro variables (consumption, investment and capital stock, prices and factor productivity).
The generated series for underground labor and underground production present a wider value range, and are more volatile than all other series estimated with classical methodologies. Moreover, the analysis suggests that the underground labor is pro-cyclical with respect to the GDP, that it is lagging it by approximately one quarter, and that underground labor series generated from the theoretical model are highly persistent. The correlation between the cyclical component of the underground productivity and the GDP one deserves some attention, as well. Official yearly estimates present a positive (but very low) correlation with the cyclical component of GDP [0.12], while our generated quarterly series exhibit a negative and stronger correlation [-0.34].
A.2 Business cycle facts and model prediction. The models' performance in predicting labor market dynamics (relative volatilities and contemporaneous correlations) deserves a special mentioning. Standard benchmark models (e.g. Hansen, 1985) have difficulty in replicating those figures, while our model is quite successful. This is indeed a welcome result, since it suggests that the introduction of an underground sector improves the ability of this class of models along labor market dimensions.
A.3 Comparison between underground economy and home production
It is interesting to compare the theoretical structure of our model with household (home) production models. 25 We focus on three selected issues: the commodities' number and their substitutability, the financing of capital investment and the insurance opportunities offered by home production and underground activities.
First, consider the number of consumption goods and their substitutability. In the home production class of models there exist two goods, denoted as regular and underground commodities, each of which is produced with a sector specific technology. In addition, the preference specification allows for different degrees of substitutability between regular and underground goods. In contrast, in the model with an underground sector there exists only one homogenous good, which, however, is produced using two different technologies: one associated with the regular sector, and the other with the underground sector. In this environment it is natural to focus on the case of perfect substitutability between regularly-produced final output and underground-produced output.
The second difference concerns the financing of investments. In home production models, only regularlyproduced goods can be consumed and invested, either into regular capital or into underground capital. There are no uses for home production output other than consumption -it cannot be sold or transformed into capital, for example, the way that regularly-produced output can. In the underground economy model, however, there exists only one capital stock (invested in the regular sector), but regularly-produced and underground-produced output can be transformed into regular capital without any adjustment cost. The underground sector offers an additional channel for financing capital stock accumulation, and an additional dimension along which firms can employ the available labor supply. Summarizing, while the home production model is a legitimate two sector model, our model could be more appropriately defined as a two technology model, since the same good is produced using two different technologies.
In addition, an underground sector offers profit smoothing opportunities for firms and insurance opportunities for consumers. More precisely, firms can smooth their profits by a proper allocation of labor demand between the two sectors, on a period by period basis. In addition, consumers can smooth not only consumption, by substituting consumption and investments over time, but also income, by allocating their labor supply across sectors, on a period by period basis. This mechanism is absent in models with home production.
Figures Figure 1: Series of Italian underground economy (percentage GDP)
. Notes: Solid Line: Hodrick-Prescott filtered underground productivity (Istat estimate); Dashed Line: Hodrick-Prescott filtered underground productivity (generated by the model); Sources: Model generated data and Istat.
